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Abstract

Using the principal series representations of the Lorentz group, a method parallel to that

of Gelfand and Yaglom is suggested to obtain Maxwell’s equations, which dispenses with
the arbitrary introduction of a degenerate transformation with respect to which the photon
equations are invariant. The method also gives subsidiary conditions which, in conjunction
with the masslessness of the particle, yield the Lorentz condition and the correct values of
photon polarization.

1. Introduction

In analyzing and interpreting the experimental data using the homogeneous
Lorentz group partial wave analysis due to Delbourgo, Salam, and Strathdee
(DSS) (1967), the exchanged trajectory (in the f channel) for which the corre-
sponding physical particle has spin 1, must be assigned two values {Raghavan
and Samiullah, 1969; and references therein) of |Jy| (J, is M in Toller’s
language), i.e., 0 and 1. Since the DSS formalism employs only the absolute
values of Jo, in fact, the values associated with such a particle are = 0, £1, The
interaction amplitudes in the DSS theory involve the Regge trajectory « of the
exchanged particle which at £ = m2, (the square of the mass of the exchanged
particle) reduces to the spin of the corresponding physical particle, i.e.,

omi) = spinpy (1.1)
It is shown by Sciarrino and Toller (1966) that at ¢ = 0 there exists a relation

2, (0) = o(0) — 1 — 1 (1.22)

1 Permanent address: Department of Physics, University of Azarabadgan, Tabriz, Iran.
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Each Lorentz pole corresponds to an infinite number of daughter poles.? In
equation (1.2) a,{0) is the Regge intercept of the nth daughter at £ = 0. For
the leading Regge trajectory (i.e., for n = 0, dropping the subscript # from a;,)
we may write

a(0) = 0(0) — 1 (1.2b)

In their paper DSS have anticipated an extension of this result at ¢ # 0, rewrit-
ing the relation as

() = o(f) — 1 (1.3)

From equations (1.1) and (1.3), for a physical particle, we obtain a relation
between ¢ and its spin as follows:

o= spin + 1 (1.4)

Thus in general for a particle, o has a fixed value. Also from the well.known
condition (see, for example, Gelfand et al., 1963).

ol <lol (1.5)

J can acquire values consistent with equation (1.5). Hence, the principal
series irreducible representations of the homogeneous Lorentz group which
enter in describing a particle are determined by the possible pairs ofjo and o.
The basic assumption made by one of us (M.S.) in a previous paper
(Komy et al., 1968) is that the exchanged trajectories in the ¢ channel exist
in a state {or superposed state) that is a superposition of some basic states
called the “Lorentz states.” The Lorentz states span a representation space of
the Lorentz group, for which its irreducible components operate on the afore-
mentioned Lorentz states and are determined by the different J, values and o.
Thus, if the exchanged trajectories exist in states belonging to the representa-
tion space 7, in terms of its irreducible components, 7 can be written as follows:

r= > ere0) (1.6)
allowed jo values

We interpret the above assumption to mean that the system of equations so
obtained would consistently describe the fields associated with a particle of a
given spin satisfying equation (1.4) together with the relevant subsidiary con-
ditions, if any. )
Coming back to the consideration of the particle of spin 1, the pairs (/, o),
which enter into its description, are given as (0, 2), (£1, 2), which we designate
as 1y ~(0,2), 75 ~(~1,2),and 75 ~ (1, 2). Needless to say, the represen-
tations 74 and 7 are conjugate to each other. Furthermore, these representa-
tions are exactly the same as given by Gelfand and Yaglom (1963) for a particle
of spin 1, and have the same interlocking scheme. In this paper we have, there-
fore, employed the Gelfand-Yaglom technique for obtaining the relevant
equations for a particle of spin 1 and mass zero, i.e., a photon, with the essen-

2 The parent-daughter phenomenon was anticipated in the works of Volkov and Gribov
(1963); Domokos and Suranyi(1964); Freedman and Wang (1967); and others.
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tial difference that for a complete study of the problem, in conformity with

the basic assumption (Komy et al., 1968) we have worked out the relevant
matrices in their most general form rather than truncating them as usual by
introducing %, as an arbitrary degenerate transformation. For the continuity

of treatment and to establish our notation in Section 2 we have briefly reviewed
the Gelfand~Yaglom method for mass-zero particles. In Section 3 we have
obtained Maxwell’s equations together with the subsidiary conditions and have
discussed their implications. Section 4 exploits the masslessness of a photon

to obtain the Lorentz condition and the photon polarization. In Section 5 we
have discussed our results.

2. The Gelfand-Yaglom Method
A system of first-order equations for a massless particle can be written as

o o ov v
Ly +Ly—+Ly —+4+Ly—=0 2.1
® dxg ! dxg Tox, 3 ax 3 @
where x¢ =cf and the matrices L, (u=0, 1, 2, 3) act in the space of field
functions $(x), which we designate as the space R. To equation {2.1) we apply
a simultaneous transformation,

xX=ge, YR =T0x) 22
where g is any Lorentz transformation of the coordinates and 7, is a represen-
tation of the Lorentz group in the space of the ¢ functions. Application of
equation (2.2) to equation (2.1) reduces it to the following:

v’
LT —gou = .
Ey uTg ax. Evb 0 (2.3)

According to Gelfand and Yaglom, if there exists a nondegenerate transforma-
tion ¥, such that

_, o’ IT(x’ .y
2 VLT ——gu= 2Ly (, ) (forall ¢'(x")) (2.4)
BV axv v ax,,
ie.,
2 VeLyTs gu, =L, (2.5)
§i

it follows that equations (2.1) and (2.3) are equivalent, which means equation
(2.1) is essentially unaltered after the substitution given by equation (2.2).
However, for a massive particle for the invariance of equation (2.1) under

this transformation it is necessary that ¥, = T. At this juncture, we notice
that instead of multiplying equation (2.3) by ¥, from the left, we can as well
multiply it by T from the left. Thus, in conformity with our theory, we
multiply equation (2.3) by T from the left and obtain the invariance of
equation (2.1), which yields

%TgLaTg—lgw) =Ly (2.6)
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Now, if the space R in which the representation T}, acts is decomposed into a
linear sum of subspaces R” in each of which there acts an irreducible repre-
sentation 7 of the proper Lorentz group designated by the pair 7~ (J, =14,
og=1,), and if we introduce into each subspace R” a canonical basis {£},}
(m=-1,,~1+1,...,1;] being an integer or half an odd integer) of the
eigenvectors of the usual Lorentz operator Hy (which is also a generator of the
rotation group), following Gelfand et al., it is possible to work out the matrices
Ly, under the specific conditions that the pairs (o, /;) and (Iy, 1), defining 7
and 7' be interlocking, i.e.,

(o 1) =0 £ 1,14)
or 2.7)
(o, 1) =, 11 £ 1)

Gelfand and Yaglom have obtained these matrices as follows:

Lo =N ¢]7 818 'l 2.8)
where for
(o.11)=(o +1,1y)
7 =T+ lp+ D)~ 1]V 29)
fT= T+ Lo + 1) - 1]
and for

(o, 1) =(lo, 1+ 1)
=T+ 1) - 1)1 (2.10)
FT=eTTIA 1+ DA - 1]
C" and €77 are arbitrary complex numbers;
Ly =i m] (2.11)
where
ahmiar,m= i ~ mO) G ]y — Cliae]
G m = —imCT [A] — AT ] (2.12)
Gt ,m = A0+ 1 = m? V2 [ChrdTy — Cleye] ")

Ly =1bimum'ls Lo =ldimiml (2.13)
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where
blTnz,;lml,m 1 = —idymii—1,m—1
= G/DIA +m)A+m— DIV, — el
bgr"r’z!;z-Lmﬂ = idpms1—1,m+1
= (/) = m)T - m = DV, ~ G e
b;r‘:r;;l,m—l = —idym;m—1
= (/[ +m)I — m + D) V2] [A] — A] | (2.14)
B m1 = i m 1
= /20— m)1 +m + D) Y27 [A] — A]]
b}.r;,;iﬂ,,m—l = —idpm; 141, m—1
= ()~ m + 100 = m + 2] 2 [y ey — Clare] ")
b;lzr-z';l»i'l,mﬂ = idpm:+1, m+1
= () +m+ DA +m+ D)V 2Chr iy — Clad]")
where

_ilgly

AT G =@ — 1D - LDIER - DIV (2.15)

Equation (2.14) defines the number Cj to within a sign. In particular, if C; is
real then we regard it to be positive.

3. Maxwell’s Equations

The representations for the particle with spin 1 and mass zero are given as
71 ~(0,2), 75 ~(—1,2), 7, ~ (1, 2), which have the following interlocking
scheme:
Ty @ T 9T,

The most general form of the matrices L, equation (2.5), having the above
interlocking scheme can be worked out in terms of the following basis:

Py T2 22 T, Ty Ty T T, Ty T
5, E1p. 8151 Fobo £k, E1bs Y, B9 E10 B

It can be shown that, if we invoke the invariance of the equations under the
complete Lorentz group, the matrix elements of L, must satisfy the following
restrictions:

cfi=¢nTa=¢, and 7 =cRTi=c, 3.1)
Also if we wish to ensure the existence of a Lagrangian leading to the relevant
equations, the matrix elements must satisfy the further restrictions

ciQTl = 5717.2 (3 r))

. i
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or

(3.3)

i, we have arrived at the following matrices for Lo, L, L,, and Lj:

For ¢,
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the substitution of the matrices equation (3.4) and for ¥ equation (3.5) into
equation (2.1} yields a system of first-order equations, which, with a little
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algebraic manipulation, can be recast into the following set of equations:
“a‘xaij +5§—2F,,2 +53;F03 =0
%F30+£‘1F31+£‘2F32=0 |
(3.6)
5%)1720 '*‘5‘3‘1}721 +6—%F23 =0
a_j:opw +£2F12 +£‘;F13 =0
where
For =i(—¢1 + 93 — 95 t96),  Fro =i(¢y — ¢3 + g =~ ¢6)
For S=(—01 — 93— ¢a — ), Fao=(91 T 63 + ¢35t 0¢)
Fo3 =i(¢ +¢5), Fag=i(—¢3 — ¢s)
Frp =22A—¢; +9s), Fo1 =2¢s ~ ¢5) G
Fi3 Ti(~¢1 + ¢4 — 93 t0g),  F33 Tidy + 03 — g — ¢g)
Fo3 =(—¢1 + ¢3 + b — ds), Fy =(+0; — ¢3 — 04 + 06)
together with
ot ety S <0 69
Lg S—;p;-kLl a;//l L a;ljz LY 353 0 (3.9)
where
0 - 0 0 -1 0 i 0
L= 0 0 — Of, Ly=] 0 i 0 i
0 0 0 - I 0 10
~i 0 -1 0 0 i 0 0
Ly=]l 0 1 0 —1f, Ly=§-1 0 0 O
- 0 1 0 0 0 0 —i
(3.10)
0 - 0 © -1 04 O
L= 0 0 —i 0f, Li=| 0~ 0 —i
0 0 0 - I 00— O
~{ 0 1 0 0 ¢ 0 0
Ly=1l0 -1 0 1], Li={-1 0 0 O
-~ 0 -1 0 0 0 00—
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According to our interpretation of the basic assumption, the equations would
consistently describe the field equations along with the relevant subsidiary
conditions, if any, describing 4 photon. Equation (3.6) together with equation
(3.7) we immediately recognize as Maxwell’s equations in their covariant form.
Just these equations would have been obtained if we had used equation (2.1)
with the bracketed portions of the matrices Lg, Ly, Ly, L3, and ¢, which we
may designate as {Lg],{L:],[L2], [L3],and [¥]. Thus equations (3.8) and
(3.9) would constitute the subsidiary conditions.

To extract information from these equations we proceed as follows. We
expand the solution of equations (3.8) and (3.9) in a four-dimensional Fourier
integral

Vo) = [ uPePuri g (4=0,1,2,3) G.11)
where
Pux, = —Poxg +P'X and dP=dPydP,dP,dPy =dPdP, (3.12)

Equation (3.11) can be considered as a wave packet that is a superposition of
waves with the wave vectors P, which, following the deBroglie relation, can
be associated with free particles of momentum (in units of c =% = 1) Pand
energy Py =FE.

Inserting equation (3.11) into equations (3.8) and (3.9), we obtain the
following set of equations:

—(Py +iPy)uy(P) + i(Py — P3)uy(P) +(iPy — Py)us(P) =0 (3.13a)

—P3uy(P) + (iPy + Py)uy(P) + iPous(P) + (iPy — Ppus(P)=0  (3.13b)

(Py = iPy)uy(P) + (iPy + Py)us(P) +i(Py + P3)us(P) =0 (3.13c¢)

~(Py +iPy)uy(P) +i(Py + P3)uy(P) +(—iPy +Pp)uz(P)=0 (3.14a)
=P3uy(P) — (P + Py)us(P) +iPous(P) — (iPy — Prlug(P) =0

(3.14b)

(Py — iPy)uy (P) — (iPy + Pp)us(P) +i(Py — P3)ua(P)=0 (3.14¢)

Now adding equations (3.13b) and (3.14b) and subtracting equations {3.13¢)
and (3.14¢) we can recast the above sets in a matrix equation as below:

~(Py tiP)) Py —-P3) (P —-P2) O u;(P)
_2p, 0 2P, 0 w®_
~(Py +iPy) iy +P3) (=P +P;) O u3(P)
0 0 AP, +Py) 2P || | ua(P)
(3.15)

Defining the 4 x 4 matrix in equation (3.15) as Z (P) and the column vector
as u(P), we may write equation (3.15) as

LP)u(P)=0 (3.16)
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Equation (3.16) admits of a non zero solution only for the condition that
det | £(P)|=0 (3.17)

For P, # 0, P, # 0, and P3 # 0 equation (3.17) can be recast as the difference
of two equal terms, i.e.,

Py(P\* + Py*)(Py® — P3* — Py* - P1?)
— P3(Py2 + P2)(Py? — P3P — PP — PP)=0 (3.18)

Equation (3.18) admits of interesting physical interpretations for different
possibilities. Barring the trivial case Py = P, = P53 = 0 (which we have excluded
ourselves), the first possibility is that each of the expressions in equation
(3.18) is'zero, which means

Py? — P32 — P, - Pt = (3.19)

The obvious interpretation of equation (3.19) is that the rest mass of the par-
ticles associated with any of the plane waves with the four-momentum P(Py,
Py, Py, P3)is zero; the inequalities amount to saying that such a particle is
never at rest. These are exactly the properties which we associate with a photon.
Again barring the trivial case mentioned above, the second possibility is that

the expression P3(P;2 + Py2)(Po? — P12 — Py% — P3?) is not equal to zero, and
only the difference of two such expressions [i.e., equation (3.18)] equals zero.
In view of the fact that one of the expressions occurs with a negative sign and

is obtainable by a replacement of the four-momentum P, > — P, or explicitly
Py~ Py, Py > —P,, Py~ — Py, and Py~ —P,, we may regard equation (3.18)
as indicative of a massive particle and its antiparticle to be existing at the same
space-time point, which means the annihilation of a massive particle and its
antiparticle emerges from equation (3.18) as a possible condition for the creation
of a photon. Furthermore, from the point of view of the surfaces of transitivity

for the Lorentz group in the momentum space, the first expression in equation
(3.18),

Py> — P2 - P2 — P2 =const>0, Py>0 (3.20)
corresponds to the upper branch of a hyperboloid of two sheets, and the other,
Py? - P2 — P2 — Pyl =const >0, Py<0 (3.2D)

to its lower branch. Equations (3.20) and (3.21) tell us that the annihilating
system consisted of particles whose four-momenta lie on the upper and lower
branch of the mass-shell hyperboloid.

4. Exploitation of Photon Masslessness
Rewriting equation (3.6) as
oF,

Spe _ =
ok 0 w=0,1,2,3) 4.1)
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and defining as usual
04, A4, s )
o e gV “.2)

equation (4.1) can be recast as

9 (04,
DA‘U ~é‘;;(5‘}‘c;> ={ (4.3)

Equation (4.3) along with the subsidiary condition, i.e., equation (3.19), which
led us to the properties associated with a photon, automatically leads us to the
Lorentz condition on the four potentials A:

oy _

axH
In addition, if we select the x5 axis along the positive direction of the momen-
tum of a photon, in such a coordinate system the photon energy momentum

four-vector P has the components APy, 0, 0, P3). The plane-wave solutions of
Maxwell’s equations in their covariant form satisfy the equation

(P3[L3] = PolLol)Fun(P)=0 (4.5)

Which means that F,,,(P) belongs to the subspace, annihilating the matrix
P3{L3] ~PolLo]-
The matrix P3[L3] — Py[Lo] written in full reads

0 (4.4)

£ gy En i
0 Py 0 0 Py 0
P3[Ly]—PylLyl=||~iP3+Py) O 0 iP3—-Py) O 0
0 ) 0 -iP 0
0 0 i(Ps—Py) O 0 —i(P3+Py)
(4.6)

The first row of the matrix is proportional to the third. Thus, we can add further
rows to this matrix by adding and subtracting the first and the third rows and
write these explicitly to give the following 6 x 6 square matrix:

£1 I8 £ £ £ j
0 P3 0 0 P 0
—i(P3 + Py) 0 0 iPs — Py 0 0
0 P, 0 0 —iP, 0
0 0 Py —Py) 0 0 —i(Py +Py)
0 (P35 +iPy) 0 0 (P5 +iPy) 0
0 @-iPy) 0 0 ®s—iP) 0

“.7
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Equation (3.19), in this co-ordinate system reduces to

Py — P32 =0 (4.8)
yielding
PO = iP3 (4.9)

Now, for Py = P3 # O the subspace R(P3, P3) is two-dimensional and contains
the vectors £73 and £33 . In the case Py = —P3 %0, again the annihilating sub-
space is two dimensional and contains the vectors €72 | and £3j. In both these
cases the annihilating subspaces are invariant under the operator H, with the
eigenvalues of this operator | and —1. The polarization value m = 0 is excluded
since the linear combination of the vectors £13, £1p can belong to the annihilat-
ing subspaces of the matrix only if P3 = Py = 0. Thus the polarization of the
photon can assume olny two values: 1, —1.

5. Discussion of Results

In this paper, to the assumption made by one of us (M.S.) offering an inter-
pretation, we have applied it to a particle of spin 1 and mass zero. Our interpreta-
tion has allowed us to introduce 7, ~ (0, 2) as an integral part of the theory,
contrary to its usual arbitrary introduction as a degenerate transformation.
The most general form of the matrices to which we were led by the theory
vielded a subsidiary condition which admitted of two possibilities in interpret-
ing it: (i) The photon is never at rest, and if, however, it were to be brought to
rest, its rest mass would be zero; (if) the annihilation of a massive particle and
its antiparticle can create a photon. Furthermore, we have shown that the con-
dition of masslessness of a photon with the covariant Maxwell’s equations
results in the Lorentz condition, also, that the present formulation yields cor-
rect values of photon polarization.
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